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A chain condition intermediate to the catenary property :md the chain condition for prime ideals 
[c.c.) is studied. Like the c.c., the condition is inherited ‘.rom a semi-local domain R by integraf 
extension domains, by local quotient domains, and by f ,ctor domains, and a semi-local ting that 
satisfies the condition is catenary. (Unlike the c.c., none of these statements i  true when iR is not 
semi-local.) A number of characterizations of a semi-i +:a1 domain that satisfies the condition 
given in terms of: integral (respectively, algebraic, tran ,cendenta’r) extension domains, Hen& 
tions, completions, Rees rings, associated graded rings b and certaindiscrete valuation over-ri 
Then four of the catenary chain conjectures are cha,racterized in terms of this condition. 
All rings in this paper are assumed to be commutative with an identity, a.nd the 
undefined terminology is, in general, the same as that in [8]. Even so, a number o
the most frequently used definitions are given in 2.1. 
There are a number of conjectures (the catenary chain conjectures) come 
saturated ,chains of prime ideals in integral extension domains of a ~~t~~~ 
domain, and some of these are of quite long standing (since at least 1955). 
rch on this paper was supported in part by the National Science F~ua 
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chain condition, the 0.h.c.c. (see 2.2.), with which this paper is concerned arose 
from studying one of these conjectures, the Catenary Chain Conjecture 5.3. It turns 
out that this conjecturje is equivalent o : the class of catenary local domains is the 
class of local domains that satisfy the 0.h.c.c. (5.53); and three other chain 
conjectures can be similarly characterized (see 5.5). For this reason, the study of the 
o.h.c.c. is of some interest and importance. For, by knowing a fairly wide range of 
properties and characterizations of rings that satisfy this condition, it should be 
possible to gain sufficient insight into such rings that it can be determined if these 
conjectures hold. 
The 0.h.c.c. for a semi-local ring R is stronger than the catenary property, and it 
is weaker than the C.C. It is like the catenary condition in that if R satisfies the 
o.h.c.c., then for all P E Spec R, Rp satisfies the 0.h.c.c. (the s.c.c., if P is not 
maximal), see IProposition 2.9., and R/P satisfies the 0.h.c.c. (the s.c.c., if P is not 
minimal), see Proposition 2.10. However, it is probably closer to the C.C. and the 
s.c.c., since, like these conditions, integral extension domains of a semi-local 
domain R that satisfies the 0.h.c.c. inherit the condition from R (see 2.8.), and so 
do the Henselization and the comp!etion of R (see 4.9.). 
Section 2 contains the basic properties of a semi-local ring R that satisfies the 
o.h.c.c., and most of these have already been mentioned. Therefore, suffice it to say 
here that the results are, in fact, shown to hold for rings B that are integral 
extension rings of a semi-local ring R such that minimal prime ideals in B lie over 
minimal prime ideals in R. 
In Section 3, it is shown that most of the results in Section 2 do not hold when R 
is not semi-local (3.2. 2nd 3.3.), but the results do hold for a Noetherian domain A 
such that A’ satisfies :he 0.h.c.c. (3.4.). 
Section 4 contains ql !ite a few characterizations of semi-local domains that satisfy 
the 0.h.c.c. The characterizations vary over a fairly wide range of concepts, such as: 
integral extension domains, algebraic extension domains, transcendental extension 
domains, Rees rings, :ttisociated graded rings, Henselizations, completions, and 
valuation over-rings. Most of these characterizations were suggested by known 
characterizations of a lccal domain that satisfies the s.c.c., but a few of them are 
essentially new ideas. 
In Section 5, four of the catenary chain conjectures are recalled in 5.1.-5.4., and 
then it is briefly shown that each of these conjectures is equivalent o asserting that 
all rings in a certain class of semi-local domains satisfy the 0.h.c.c. 5.5. 
The results in this paper fall short of showing that any of these conjectures hold, 
but, hopefully, at least a fair start toward this goal has been made. 
It follows from the results in this sectio at if are inte ains such 
that , and R satisfies the o.h.c.c., then B is 
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catenary (cf. 2.1 I.), BP and B/P sati@! the o.h.c.c., for each P E Spe 
2.10.), B satisfies the o.h.c.c. (cf. 2.51, a strong converse of 2.5. h 
finitely generated algebraic extension domains of R are catenary (2.12.2). 
We begin by giving the definitions that are needed in this section in 2.1. and 2,2, 
2. efinition. Let A be a ring. 
(2.1.1) A’ denotes the integral closure of A in its total quotient ring. 
(2.1.2) A satisfies the first chain condition for prime ideals (f.c.c.) in case each 
maximal chain of prime ideals in A has length equal to the altitude of A. 
(2.1.3) A is cutenary in case, for each pair of prime ideals P C Q in A, (A /P)oEp 
satisfies the f.c.c. 
(2.1.4) A satisfies the second chain condition for prime ideals (s.c.c,) in case, for 
each minimal prime ideal z in A, each integral extension domain of ‘A/z: satisfies 
the f.c.c. and depth L = altitude A. 
(2.1.5) A satisfies the chairs condition for prime ideals (c.c.) in case, for each pair 
of prime ideals P C Q in A, (A /P)oIp satisfies the S.C.C. 
(2.1.6) A is le&Z in case all maximal ideals in 14 have the same height and a’ll 
minimal prime ideals in A have the same depth. A is taut (respectively, taut-level) 
in case, for e&h prime ideal P in A, height P + depth .P E (1, altiitude A } 
(respectively, = altitude A ). 
Many facts are known about rings which satisfy one or another of the clonditions 
defined above. Appropriate references to these facts will be given when neede:d 
below. a 
The new chain condition with which this paper is concerned is defined in 2.2. For 
a local domain, the condition lies somewhere in? zrmediate to the f.c.c., and the 
s.c.c., so for lack of a better name, we call it tht 14 chain condition. 
2.2. Definition. A ring A satisfies the 14 chain c mdition for prime ideais (o*h.c.c.> 
in case A is taut and (A/z)’ (2.1.1) satisfies the 4, .c., for each minimal prime id 
z in A. 
(It can be proved that Definition 2.2. is weaker than: A is taut and A ’ satisfies the 
c.c.; but the two conditions are clearly equivalent for the domain cause.) 
The o.h.c.c. was introduced in [16], and a few characterizations of a local ring that 
satisfies this condition were given therein. Some of these will be recalled below. 
Three rather obvious facts on the o.h.c.c. should be noted: 
(1) if R is a Noetherian ring such that either altitude R = 0 or altitude .R = 1 
no minimal prime ideal in R is a maximal ideal, then R satisfies the o.h*e.c.; 
(2) if R is a Noetherian domain and altitude R s 2, then I? satisfies the 
octherian domain that satisfies the 0.h.c.c. 
satisfies the s.c.c., so R satisfies the s.c.c., by 
’ is lev 
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We will now prove a number of results concerning a semi-local ring R that 
satisfies the 0.h.c.c. As noted in the introduction, it will be shown in Remark 3.2. 
and Remark 3.3. that most of these results do not hold for an arbitrary Noetherian 
ring - even if it is an integral domain -but they do hold for a Noetherian domain 
A such that A’ satisfies the 0.h.c.c. (Proposition 3.4). The first of these results 
shows that R is catenary. 
2.3. Proposition. If R is a semi-local ring that satisfies the o.h.c.c., then R is 
catenary. 
?roof. It suffices to prove that if z is a minimal prime ideal in R, then R/z is 
catenary. For this, R/z is taut, by [6, Proposition 51 (since R is taut), so (R/z )’ is 
taut, by [6, Proposition 121. Also, (R/z )’ satisfies the c.c., by hypothesis, so (R/z )’ is 
catenary and taut. Therefore, if (0)C PI C l l l C Pk is a maximal chain of prime 
ideals in R/z, then there exists a maximal chain of prime ideals of length k in 
(R/Z)‘, by the Going Up Theorem, so k E (1, altitude R/z}. From this, it rtiadily 
follows that R/z is catenary. 
Proposition 2.3. will be generalized to rings integrally dependent on a semi-local 
ring in (2.11.2). 
The following remark, which was essentially proved in the proof of Proposition 
2.3., will be useful a number of times in what follows. 
2.4. Remark. If B is a ring such that, fo.r each minimal prime ideal z in B, (B/z) 
is taut and catenary, then B is catenary. 
Like the S.C.C. and tht: c.c., the o.h.c.6. is inherited from a semi-local domain by 
integral extension dom:nins, as follows from the following result. 
I et R c B be rings such that R is semi-local, B is integral over R, 
minimal grime ideals in R lie over minimal prime ideals in R, and R satisfies the 
o.h.c.c. Then B satisfies the 0.h.c.c. 
roof. By hypothesis and [6, Proposition 123, B is taut. Also, if w is a minimal 
prime ideal in B and z = w n R, then z is minimal (by hypothesis), so 
(R/z)’ satisfies the cc. Therefore, since (B/w)’ is integral over (R/z)‘, (B/w) 
satisfies the C.C. 
2. . It is easy to see that the hypothesis on .minimal prime ideals in B is 
necessary in Proposition xample, let (R, M) be a regular local domain, and 
let B = R[X]/K, where X2 - X) = (X) n (M, X - 1). Then R C B satisfy 
the conditions in Proposition 2.5, except for minimal prime ideals in B lying over 
minimal prime ideals in R, and B is not taut, so es not satisfy the 0.h.c.c. 
A strong converse of Proposition 2.5. holds, as now be shown. 
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(The reason for not referring to [8, (34.2)] in the proof of Proposition 2.7. should 
be explained. That is, in 18, (34.2)] it is stated that if A $& B are rings such that B is 
integral over A and B satisfies the c.c., then A satisfies the cc. But this is false, as 
was shown in 19, Remark 3.9 (ii)]. (But the f.c.c. and S.C.C. parts of [8, (34,L)] arc 
owever, if B is also an integral domain and height M = height M n IA < ~0, 
for all maximal ideals M in B, then A does satisfy the c.c., by [9, Remark 3*9 
(iii)] -and so this result in [9] is used in the proof of Proposition 2.7.) 
2.7. Proposition. Let A c B be rings such that B is integral over A, altitude B < 00, 
and B satisfies the o.h.c.c. Then A satisfies the okx. 
Proof. It readily follows from integral dependence that A is taut, since B is taut. 
Also, if z is a minimal prime ideal in A and w is a minimal prime ideal in B such 
that w n A = z, then (B/w )’ is integral over (A/z)‘, so height M n (A/z)’ = height 
M < 00, for all maximal ideals M in (B/w )‘, by [8, (10.14)] and hypothesis. Also, 
(B/w )’ satisfies the c.c., hence (A jr )’ satisfies the c.c., by [9, Remark 3.9 (iii)]. 
Corollary 2.8. follows immediately from the Propositions 2.5. an3 2.7. 
2.8, Corollary. Let R G B be integral domains such that R is semi-local and B is 
integral met R. Then B satisfies the o.h.c.c. if and only if R satisfies the 0.h.c.c. 
We next show that, like the other chain conditions for prime ideals, the 0.h.c.c. is 
inherited from a semi-local ring by local quotient rings. 
2.9. Proposition. Let R c B be as in Proposition 2.5. Then, for each P E Sg~c B, 
BP satisfies the o.h.c.c. 1~ fact, if P is nut maxirnc; 1, then BP satisfies the S.C.C. 
Proof. If P is not maximal, then BP satisfies thl:. s.c.c., by [6, Proposition 131, 
clearly BP satisfies the 0.h.c.c. If P is maximal, the:1, since B satisfies the o.h.c.c.~ by
Proposition 25, (B/w )’ satisfies the c.c., for aYl minimal prime ideals w in B. 
Therefore, if w ’ is a minimal prime ideal in BP a:nd w = w 
poCpt C l . l Cp C l * l Cpk = P be a maximal chain of prime ideals tbrou 
p to P in B. Then there exists a maximal chain of prime idea 
(B/w)‘. Now R/(w n R) is taut, by 16, Proposition 51 (since R is taut 
taut, by [6, Proposition 123, and (B/w )’ is catenary (as already note 
k E (1, altitude (B/w)‘) and altitude (B/w)’ = altitude B/w E (3, 
is taut), so it follows that height Pap + depth p 
hence p is taut. 
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The last property of semi-local rings that satisfy the 0.h.c.c. that will be shown to 
hold in this section is that, like the other chain conditions, it is inherited by factor 
domains. (Note that Proposition 2.10. is rather like a “dual” to Proposition 2.9.) 
2.10. Proposition. Let R c B be rings such that R is semi-local, B 1:s integral over 
R, and R satisfies the 0.h.c.c. Then, for each P E Spec B, B/P satisfier the 0.h.c.c. In 
fact, if P is not minimal, then B/P satisfies the S.C.C. 
roof. This will first be proved for the case B = R. For this case, if z is a minimal 
prime ideal in R, then R/z is taut (since R is) and (R/z)’ satisfic:s the C.C. (by 
hypothesis), so R/z satisfies the 0.h.c.c. Therefore, let z C P be prime ideals in R 
such that z is minimal and let Q E Spec (R/z)’ such that Q n (R/z ) = P/z. Now 
(R/z)’ is taut, by [Q, Proposition 121, and satisfies the C.C. (as alread) noted). 
Therefore (R/z )‘/Q satisfies the C.C. and is level, so (R/z )‘/Q satisfies the s.c.c., 
hence R/P = (R/z)/(P/z) satisfies the s.c.c., by [8, (34.2)]. 
Now, for the general case, let P E Spec B, and let p = P n R. Then B/P is 
integrai over R/p and R/p satisfies the 0.h.c.c. (the s.c.c., if p is not minimal), by 
what has already been proved. Therefore B/P satisfies the o.h.c.c., by Proposition 
2.5, and B/P satisfies the s.c.c., if P is not minimal. 
Property (2.11 .l) gives a characterization of when B (as in Proposition 2.10.) 
satisfies the o.h.c.c., and (2.11.2) is a generalization of Proposition 2.3. 
2.11. Corollary. Let R C B be rings such that R is semi-local and B is integral over 
R. Then the following s .atements hold : 
(2.11.1) B satisfies the 0.h.c.c. if and only if, for each minimal prime ideal w in B, 
B/w sutisfies the 0.h.c.c and depth w E (1, altitude B}. 
(2.11.2) lf B satisfies the o. h.c.c., then B is catenay 
roof. (2.11.1) If sat ;&es the o.h.c.c., then, for each minimal prime ideal w in 
B, B/w satisfies the o.h.c.c., by Propositions 2.7. and 2.10., and depth w E (1, 
altitude B}, since B is taut. 
Conversely, since each B/w is taut and depth w E {I, altitude B}, B is taut, by 
[I% (3.4. I)], so B satisfies the 0.h.c.c. (by hypothesis). 
(2.11.2) Let w be a minimal prime ideal in B, so (B/w)’ satisfies the c.c., by 
(2.11.1). Also, R/(w n R) is taut (since R is, by integral dependence), so (B/w)’ is 
taut, by [6, Proposition 121, hence B is catenary, by Remark 2.4. 
The last proposition in this section shows that a finite algebraic extension domain 
of a semi-local domain that satisfies the 0.h.c.c. is catenary. 
be rings such that is semi-local, 
e following stater 
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(2.121) (A/z)’ satisfies the c.c., for each minimal prime ideal z ipt A. 
(2.12.2) If Al z is algebraic aver R l(z n R ), for each minimal prime ideal z in A, 
then A is catenary. 
roof. (2.12.1) Let z be a minimal prime ideal in A, and let p = z f3 R, so A/z is 
finitely generated over X/p. Also, there exists a finite integral extension ring B af 
R/p such that E c (R Pp)’ and B and (R/p)’ have the same number of maximal 
ideals, so B satisfies the c.c., by 19, Remark 3.9 (iii)] (since (R/p)’ satisfies the c.G., 
by Proposition 2.10.). Therefore, since C = B[A/z] is a finite algebraic extension 
domain of B, C satisfies the c.c., by [9, Corollary 3.73. Hence (A/z )’ satisfies the 
c.c., since A/z C C = (A/z)fB] c (A/z)‘. 
For (2.12.2), it suffices to prove that each A /z is catenary, so9 by Proposition 
2.10., it may be assumed to begin with that R and A are integral domains. For this 
case, it suffices to prove that if N is a maximal ideal in A such that height N > 1, 
then AN is catenary. For this, let P = N n R. If P is not maximal, then Re satisfies 
the s.c.c., by Proposition 2.9., so AN is catenary, by [9, Corollary 3.71. Therefore, 
assume that P is maximal. Let N’ be a maximal ideal in A ’ such that N’ n A = N 
and height N’ > 1, and let P’ = N’ n R’, so P’ n R = P. Now A ’ is integral over 
R’[A], so there exists a finite integral extension domain D of R’[A] such that 
D c A’ and height N’ = height N’ n D. Also, R ‘[A] is finitely generated over R )r 
so D is finitely generated over R ‘. Moreover, R’ satisfies the altitude formula, by 
hypothesis and [ 10, Theorem 2.121, so height N’ n D + trd (D/(N’ n D))/(R”/P”) = 
height P’ + 0. Therefore height P’ > 1, so height P’ = altitude R IS since R’ lt:s taut, 
by [6, Proposition 1.21. Therefore, height P’ = a!titude R = height P. Also, by the 
altitude inequality (see [21, Proposition 2, p. 3261) height N + trd (A JN)I(R 
. height P+O. Therefore, since trd(A IN)I(RIP)=--trd(DI(N’n D))f(R’IP 
height N’ = height N” n D s height NV it follc ws that height N’ = height 
Therefore, in summary, if N’ is a maximal in A” s+ch that N” n A = N, then 
N’ E (1, height N}. Thus, since A A+,, is catenary , by (2.12-l), it follows that A L-N is 
taut and catenary, so, by Remark 2.4., AN is c,attenary. 
2.13. Remark. It is necessary to assume that each A/z is algebraic over R&z 
R) in (2.12.2). For example, let R be as in [8, Example 2, pp. 20%2051 in the 
m = 0, so R is a catenary local domain such that altitude R > 1 and I?’ has a h 
one maximal ideal. Then R [X] is not catenary, by 19, Theorem 3.61, since R 
not satisfy the s.c.c., but R does satisfy the 0.h.c.c. 
he o.h.c,c. in the non-semi-bcal case 
In this section, we use a ring, constructed by . Fujita in f3]> to s 
the results proved in Section 2 concerning, the 0.h.c.c. for a semi-l 
hold for arbitrary Noetherian rings. Then. it is shown that th 
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Noetherian domain whose integral closure satisfies the 0.h.c.c. We begin by 
summarizing the properties of Fujita’s ring that we need. 
mark. [3, pp. 474-4781. There exists a taut-level Noetherian Hilbert 
domain A such that altitude A = 2, A ’ = A [c] is a principal integral extension 
domain of A, and A ’ satisfies the C.C. (since A ’ is locally Macaulay). Also, there 
exists a maximal ideal M in A such that (A4, c)A [c] is a height one maximal ideal in 
A’=A[c]. Moreover, B =A[X] is a taut-level Noetherian Hilbert domain, 
altitude 23 = 3, B is not catenary (since BtM,x, has a height one depth one prime 
ideal (since (M, c)A [c] is a height one maximal ideal)), B’ = A ‘[Xl satisfies the d.c. 
(by [9, Theorem 3.61, since A ’ does), and B’ is not taut (since (M, c, X)B’ is a height 
two maximal ideal). 
Therefore, by Remark 3.1., we have the following remark which shows the 
hypothesis that R is semi-local in the Propositions 2.3., 2.5, and 2.9. is necessary. 
emark. The ring B in Remark 3.1. satisfies the o.h.c.c., but the following 
statements do ~tot hold: (a) B is catenary; (b) B’ is taut; (c) B’ satisfies the 0.h.c.c.; 
and, (d) BP satisfies the o.h.c.c., for all P E Spec B. 
In regard to Proposition 2.3. and Remark 3.1. (a), the followin? related result of 
S. McAdam should be noted. If R is a semi-local domain and R(X) = R [X], 
where S = R [X] - U {IV; N is a maximal ideal in R[X] such that N n R is a 
maximal ideal in R}, then R(X) has infinitely many maximal ideals and the 
following statements are equivalent: R(X) satisfies the s.c.c.; R(X) satisfies the 
0.h.c.c.; R(X) satisfies tl e f.c.c.; R(X) is taut-level; and, every depth one prime 
ideal in R(X) has height equal to the altitude of R [7, Theorem 4, Remark (a), and 
Corollary 51. 
Remark 3.3. shows that !Jie hypothesis that R is semi-local in Proposition 2.10. is 
necessary. 
There exists a Noetherian Hilbert domain C such that C satisfies 
the 0.h.c.c. and C/K does not satisfy the o.h.c.c., for some K E Spec C. 
Let B be as in Remark 3.1., so B’= B [c] is a principal integral extension 
domain of B. Let C = B [T] (T an indeterminate), and let K = Ker (B [T] -3 B'), so 
C/K = I3 does not satisfy the o.h.c.c., by Remark 3.2. (c). Rut C does satisfy the 
o.h.c.c., as will now be shown. Namely, C’ = B’[ T] satisfies the c.c., by [9, Corollary 
3.71 (since B’ satisfies the c.c.). Also, every maximal ideal in C has height = 4, since 
every maximal ideal in B has height = 3 and B is a N rian Hilbert domain. Let 
P be a depth one prime ideal in C. Then P is contai 
ideals in C and each has height = 4, so hei = 
it follows from [ 11, corollary 2. (3)] that C is taut, so C satisfies the o.h.c.c. 
aving just seen that the results in Section 2 do not hold for all Noetherian 
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domains A, we now show that if A = A’, then the results do hold. 
we have the following proposition. 
3. reposition. Let A be a Noethwian rCamain suclt that A’ satisfies the o.h.c,c., 
and let B be an integral extension domain of A. Then the following statementts hold : 
(3.4.1) B is catenary. 
(3.4.2) B satisfies the 0.h.c.c. 
(3.4.3) For each P E Spec B, BP satisfies the 0,h.c.c. In fact, if P is not maximat+ 
then BP satisfies the s. C.C. 
(3.4.4) For each nonzero P E Spec B, B/P satisfies the S.C.C. 
Proof. (3.4.1) follows from (2.4), since it will be shown in the proof of (3.4.2) that 
B’ is taut and catenary. 
(3.4.2) Since B’ is integral over A ’ and A ’ is taut, it follows from [S, (10.14)] and 
integral dependence that B’ is taut, and so (again by integral dependence) B is taut. 
Also, B’ satisfies the c.c., since A ’ does, hence B satisfies the 0.h.c.c. 
(3.4.3) Let P E Spec B and let S = B - P, so (BP)’ = Bi satisfies the cc., since Bc 
does. Now, if P is maximal, then the maximal ideals in B i have height in { 1, altitude 
B}, since B’ is taut (by the proof of (3.4.2)). Thereke it follows from (2.4) that & 
satisfies the f.c.c., hence BP satisfies the 0.h.c.c. (In particular, & satisfies the 
o.hc.c., for all maximal ideals MT in A.) If P is not maximal, then let M be a 
maximal ideal in A such that P n A CM. Then BAwM is integral over AM, BP is 8 
quotient ring of B A+, and AM satisfies the o.h.c.c. <as just noted), so & satisfies 
the s.c.c., by Proposition 2.9. 
(3.4.4) Let P’ E Spec B ’ such that P’ n B = P, SO W/P’ satisfies the C.C. (since B’ 
does, by (3.4.2)). Also, since B ’ is catenary and ta 11 and P’ # (0), B’IP’ satidks the 
f.c.c. Therefore B’/P’ satisfies the s.c.c., so B/P sat sfies the s.c.c., by [8, (34.2)]. 
4. Some characterizations of the 0.h.c.c. for semi-local do&ins 
In this section a number of necessary and sufficient conditions for a se 
domain R to satisfy the 0.h.c.c. are proved. There are two main tea 
restricting attention to the domain case. The first is that this is the most i 
case as far as the catenary chain conjectures are concerned. (See Section 
other reason is that it follows from (2.11.1) that thie domain case can be u 
charact&ize a semi-local ring that satisfies the 0.h.c.c. 
We begin by giving some characterizations that are concerne 
extension domains. 
The following statements are equivdent for n s * e 
.l.l) R satisj’les the a.h.c.c. 
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(4.1.2) 
(4.13) 
(4.1.4) 
extension 
(4.1.5) 
catenary. 
(4.1.6) 
There exists an integral extension domain of R that satispes the o.h.c.c. 
Every integral extension domain of R satisfies the o.h.c.c. 
If there exists a maximal chain of prim2 ideals of length n in an integral 
domain of R, then n E { 1, altitude R }. 
R is taut and all principal integral extension domains R [c] of R are 
R is taut and all R [c] as in (4.1.5) such that c2 - YC E R, for some r E R, 
are catenary. 
(4.1.7) R is taut and R/p satisfies the s.c.c., for all nontero p E Spec R. 
(4.1.8) R is taut and, for all p E Spec R such that p # (0) and depth p > 1, there 
does not exist a height one maximal ideal in (R lp)‘. 
roof. It is &ar that (4.1.1) - (4.1.2), so assume that (4.1.2) holds and let A be 
an integral extension domain of R. Since (4.1.2) holds, R satisfies the o.h.c.c., by 
Corollary 2.8., so A satisF res the o.h.c.c., by Proposition 2.5, hence (4.1.34 ilolds. 
Next, note that (4.1.4) is equivalent to: every integral extension domain of R is 
taut and catcnary ; so (4.1.3) + (4.1.4), by definition and Corollary 2.11.) and 
(4.1.4) =+ (4.1.5). 
It is clear that (4.15) + (4.1.6), and if (4.1.6) holds, then every R [c] as in 
(4.1.6) is catenary and taut, by [6, Proposition 121. Therefore, for each (0)# P E 
Spec R [cl, R[c]/P satisfies the f.c.c. Hence it follows that, for each (0) # p E 
Spec R, every principal quadratic integral extension domain of R/p satisfies the 
f.c.c., so R/p satisfies the s.c.c., by [9, Theorem 3.111, hence (4.1.7) holds. 
It is clear that (4.1.7) + (4.1.8), so assume that (4.1.8) holds and suppose that 
R’ does not satisfy the LC. Then there exists a maximal ideal N in R’ such that R & 
does not satisfy the s.c.c., so, with c E N such that 1 - c is in all other maximal 
ideals in R ‘, L = R [c] NnR[c) does not satisfy the S.C.C. Therefore, by [lo, Theorem 
2.191, either: (i) L is Irn,Jt catenary; or, (ii) there exists P E Spec L such that 
depth P > 1 and there exists a height one maximal ideal in (L/P)‘. 
If (i) holds, then there exists P E Spec L such that depth P = 1 and height P < 
altitude L - 1, by [12, Remark 2.6 (i)]. Therefore, since R [c] is taut, by [6, 
Proposition 121, it follows that there exists a height one maximal ideal in 
D = R [c]l(P f7 R [cl) and altitude D > 1. Thus there exists a height one maximal 
ideal in D’, and so there exists a height one maximal ideal in (R/(P n R))‘, by [8, 
(10.14)], and this contradicts (4.1.8). Therefore (ii) holds, so it follows similarly that 
there exists a height one maximal ideal in (R/(P n R))‘. Since this also contradicts 
(4.1.8), it follows that R’ satisfies the c.c., and so (4.1.8) + (4.1.1). 
If 18 is a local domain in Theorem then the assumption that R 
ain is taut if and only if 
Ids for Corollary 4.3., 
, rather than taut and 
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catenary. owever, in (4.1.7) and in (4.1.8), the assumption that R is taut is neede 
as follows from [ 1, (5.5)]. 
Two characterizations related to Theorem 4J. are given in the next corollaries. 
4.3. Corollary. A semi-local domain R satisfies the o.h.c.c. if and only if R is taut 
and all finitely generated algebraic extension domains of R are catenary. 
Proof., If R satisfies the o.h.c.c., then R is taut and all finitely generated algebraic 
extension domains of R are catenary, by (2.12.2). 
The converse follows from (4.15) * (4.1 .l). 
For the following corollary, recall that a ring A is a G&ring in case adjacent 
prime ideals in each integral extension ring of A contract in A to adjacent prime 
ideals. 
4.4. Corollary. A semi-local domain R satisfies the 0.h.c.c. if and only if R is taut, 
R is catenary, and R/p is a GB-domain, for all nonzero p E Spec R. 
Proof. It is known [l7, (3.10)] that a Noetherian domain A satisfies the S.C.C. if and 
only if A satisfies the f.c.c. and A is a GB-domain. Therefore, since R/p satisfies 
the f.c.c., if R is taut and catenary and pf (0), th.e corollary follows from (2.3) and 
(4.1.1) e (4.1.7). 
The three. characterizations given in Theore m 4.5. are sometimes u 
reducing to the integrally closed case, the loea! case, or the level case. 
4.5. Theorem. The following statements are eqr livalent for a semi-local domain R : 
(4.51) R satisfies the 0.h.c.c. 
(4.52) R ’ satisfies the 0.h.c.c. 
(4.5.3) For each maximal ideal M in R, height M E (1, altitude R ) a 
satisfies the o. h.c.c. 
(4.5.4) “F;here exists c E R ’ such that C = R[c], satisfies the S.C.C. a 
altitude C * altitude R. 
f. (4.51) e (4.5.2), by (2.8). 
5.1) =+ (4.5.3), by tautness and Proposition 2.9. 
If (45.3) holds, then each (RM)’ = R A-M satisfies the c.c., so R & 
ma1 ideal M’ in R I, hence R ’ satisfies the cc. 
E { 1, altitude R }, SO it readily follows that R 
holds. 
Finally (4.5.1:) (4.5.4) is proved in [2]. 
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We next use part of Theorem 4.5 
characterizations for the local case. 
. to extend to semi-local domains two known 
4.6. Themem. Let R be a semi-local domain and let F be the quotient field of R. 
Then the following statements are equivalent: 
(4.61) R satisfies the 0.h.c.c. 
(4.62) For all y E F and for all maximal ideals M in R such that 
(MY)RIYlfR[Yl9 B =Nyl N is catenary and altitude B E { 1, altitude R ), for all 
maximal ideals N in R [y] such that MR [y] c N. 
(4.63) For all y and M as in (4.6.2), C = R [y]tM,,j is catenary and altitude 
C E (1, altitude R}. 
roof. It is known [16, (3.16)] that the three conditions are equivalent for a local 
domain. Therefore it follows from (4.51) a (4.5.3) that the three conditions are 
also equivalent for a semi-local domain. 
For Theorem 4.7., recall that a ring A is said to be an Hi-ring in case every height 
i prime ideal P in A is such that depth P = altitude A - i. 
.7. Theorem. Let R be a semi-local domain and let a = altitude R. Then the 
following statements are equivalent: 
(4.7.1) R satisfies the o.h.c.c. 
(4.7.2) R(X) satisfies the o.h.c.c., where R(X) = R [Xl, with S = R[X] - 
u (MR[X]; M is a mzirnal ideal in R). 
(4.7.3) For each max’mal ideal M in R, height M E (1, a) and, if height M = a, 
then there exists an a’ (depending on M) such that 1 g i s a - 2 arzd 
R,[Xl, l 9 -7 X](M,xI ,..., xi) is an Hi-domain, for j = i -t- 1, i + 2, . . ., a - 1. 
(4.7.4) Statement (4.7 t) holds for each i = 1,. . ., a - 2, 
roof. (4.7.1) - (4.7.2). A n integral domain A satisfies the C.C. if and only if 
AM satisfies the s.c.c., for all maximal ideals M in A, by [ll, Remark 2.23 (iii)]. 
Also, R ‘(X) = R (X)’ and the maximal ideals in R (X)l are the ideals M’R (X)’ with 
M’ a maximal ideal in R ‘, and then R(X)&,,, = (Rh)(X), Moreover, it is known 
[ 13, (3.13.2)] that .I? L satisfies the s.c ** c. if and only if R ,&(X) does, From these facts 
it follows that R’ satisfies the C.C. if and only if R (X)’ satisfies the C.C. Also, R is 
taut if and only if R(X) is taut, by 115, (4.10)], so (4.7.1) e (4.7.2). 
(4.7.1) (4.7.3). By (4.51) G=+ (4.5.3), R satisfies the 0.h.c.c. if and only if, 
for each maximal ideal M in R, height M E {I, a) an & satisfies the o.h.c,c., and 
this holds if and only if (4.7.3) holds, by [16, (3.13 together with [I& (2.6)], SO 
(4.7.1) cz+ (4.7.3). 
(4.7.3) ly (4.7.3) J.4) S 
W, @f-Q]. 
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Theorem 4.8. gives some characterizations of the 0.h.c.c. in terms of the 
completion R * and the Hensehzation RH of a semi-local domain I?. 
eorem. The folbwing statements are equivalent for a semi-local dornaj~ R : 
(4.8.1) R satisfies: the o.h.c.c. 
(4.8.2) R is taut and depth P = depth P 1”1 R, for all non-minimal P E Spec RH. 
(4.8.3) R H is taut. 
(4.8.4) R * is taut. 
Proof. (4.8.1) + (4.8.2). Since R H = @{(R,)* ; Ad is a maximal ideal in R ) 
and (I&# = pi&n, by 54, (18.6.7)], the results proved for RN (with R local) in [S, 
Section 431 are applicable for the case when R iS semi-local. 
Therefore, assume (4.8.1) holds, so R is taut. Let P be a non-minimai prime ideai 
in RH and let p = P f7 R. Then P is a minimal prime divisor of pR H (by [IV, 
(43.2011, since R H /pR H = (R/#) and there exists a maximal ideai N in (R/p) 
such that depth P = height IV, by [8, (43.20) and Ex. 2, p. 1881. Therefore, since R/p 
satisfies the s.c.c., by Proposition 2.10., depth P = height N = altitude R/p = 
depthp, and so (4.8.2) holds. 
(4.8.2) + (4.8.3). Assume (4.8.2) holds, Iet 9 E Spec R H, and Iet p = P II R, so 
P is a minimal prime divisor of pR: H and height P = height p, by [8, (43.10) and 
(22.9)]. Therefore, if P is not minima& then height P + depth B = 
height p + depth p E {I, altitude R}, by hypothesis. If P is minimal, then p = (0) 
and, by [8, (43.20) and Ex. 2, p. 1881, there exists a maximal ideal M’ in R' such that 
depth P = height M’ E {I, altitude R ‘} (since R ’ is taut), so again height P + 
depth P E {I, altitude R}, hence R H is taut. 
(4.8.3) +R (4.8.4). Assume (4.8.3) holds and kt z be a minimal prime ideal in 
R *. Then, since R *Jz is a complete local dorn:+,in, to prove that (4.8.4) holds it 
suffices, by [8, (34.413, to prove that depth z g: (1, altitude R}. For this, since 
R*=RH*,w= z n A! H is a minimal prime idetil. Therefore z is a minimal prim 
divisor of wR *, and depth w E { 1, altitude R H}, hy hypothesis. Also, R H/~ is taut, 
by [6, Proposition 51, so R H/~ satisfies the f..c.c., by [12, Theorem 2.2], henc 
RH/w satisfies the s.c.c., by [IO, Theorem 2.2,1]. Therefore, all minima1 prim 
divisors of wR * = wR H* have depth equal to the depgh of w, by [O, Theorem S.If, 
so depth z e (1, altitude R), and so (4.8.4) holds. 
(4.8.4) + (4.8.1). Finally, if (4.8.4) holds, then, by [lS, (3.18.2)], R is taut 
R /p satisfies the s.c.c., for each nonzero p E Spec R, so R satisfies the o.h.c.c., 
(4.1.7) * (4.1.1). 
We next give two corollaries of Theorem 4.8. 
domain R : 
(49.1) 
7Iae following statements are equioale 
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(4.9.2) R H satisfies the 0.h.c.c. 
(4.9.3) R * satisfies the 0.h.c.c. 
Pro&. (4.9.2) =+ (4.9.1) and (4.9.3) + (4.9.1), by definition and Theorem 4.8. 
(4.9.1) =+ (4.9.2) and (4.9.3). Assume (4.9.1) holds, so it suffices, by Theorem 
4.8., to prove that (RH/z)’ and (R */w )’ satisfy the c.c., for each minimal prime 
ideal z in R H and w R *.-For 
Proposition 2.9., (4.10.4) + 
(4.10.3), by and it is readily seen that (4.10.3) + (4.10.2). 
FinaIly, assume (4.10.2) holds, so to prove that (4.10.1) holds, it must be shown 
that (R/z)’ satisfies the w., for each minimal prime ideal z in R, and this holds, as 
in the last half of the proof of (4.8.3) e (4.8.4). 
In Theorem 4.11., some characterizations 
definition, 
the Rees ring 52 = 9 (A, I) of a ring A with respect to an ideal I in A is the graded 
subring A [tI, u] of A [t, u], where t is an indeterminate and u = *l/t, and a 
ideal in % that is maximal with respect o not containing tl is called a 
maximal relevant ideal in 5%. The associated graded ring G(A, I) of A with respect to 
IistheringA/I$I/I”$~*o . (The two concepts are related, since it is known [20, 
Theorem 2.11 that G(A, I) = %(A, I)/uB(A, I).) 
domain R : 
The following statements are equivalent for a semi-local 
I = 0, all maximal relevant ideals in 
ve height in (1, altitude R). 
(411.3) For each ideal I ira R 
in the associated graded ring 
{ ‘1, altitude R }. 
roof. For each maximal ideal M in R and for each ideal I in R, (%(R, &.+ = 
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such that depth I = 0, all the minimal pri 
G(R, I) of R with respect to I have depth in 
B(RM, IRM) and (G(R, I&+ = G(RM, IRM), so it follows from (4.5.~) 
(4.53) that it suffices to prove this theorem for the case when R is a local domain. 
For this case, it is known [lo, Proposition 3.91 that either of (4.11.2) or [4.X1.3) is 
equivalent o: the minimal prime ideals in W * have depth in (1, altitude R). Now 
this is equivalent to : R * is taut; by the proof of (4.8.3) + (4.8.4), and this, in 
turn, is equivalent o: R satisfies the o.h.c.c.; by (4.8.4) e (4.8.1). Therefore the 
three statements of this theorem are equivalent. 
The final characterization of the 0.h.c.c. is in terms of DVR’s (discrete valuation 
rings). 
4.12. Theorem. A semi-local domain R satisfies the 0.h.c.c. if and only if the 
following condition holds: every DVR (V, IV) in the quotient field of R such that 
R c V, N n R*is a maximal ideal, and V is integral over a locality over R, is either of 
the ,irst kind (that is, trd (V jN)/(R /(IV n R)) = alttiude R - 1) or V = R &, for some 
height one maximal ideal M’ in R ‘. 
Proof. Assume first that R satisfies the 0.h.c.c. and let (V, N) be as in the 
condition. Let M’ = N f7 R ‘, so height M’ E { 1, aUtude R ‘}, since 1P ’ is taut. If 
height M’ = 1, then V = R &, as desired, so assume 1hat height M’ = altitude R. Let 
c E M’ such that 1 - c is in all other maximal ideal1 in R’, and let L = R [c]ManR[cl, 
so L’= R &. Now L’ satisfies the o.h.c.c., by Pi o,)osition 2.9. (since R’ does, by 
Proposition 2.5.), so L’ satisfies the s.c.c., hence L satisfies the s.c.c., by [8, (34.2)]. 
Therefore, with P the maximal ideal in E, trd( V/!“rl)/(L /P) = height P - I, by [14, 
(2.11)] and [9, Theorem 3.11. From this and the ~+efinition of L, it readily follows 
that trd (V/N)/(R /(N n R)) = altitude R -1. 
To prove the converse, it sufl%ces to prove that R’ satisfies the o.h.c.c., by 
(45.1) e (4.5.2). For this, assume the condition holds, let M’ be a maximal ideal 
in R ‘, and assume that height M’ > 1. Let c and L be as in the preceding paragraph* 
so L is a local domain and L” = R h. Then altitude L = altitude R and L sati 
the s.c.c., by hypothesis and [z^4, (2.11)] together with 19, Theorem 3’11% 
height M’ - altitude R and R h satisfies the S.C.C. Therefore it follows that Rp is taut 
and satisfies the c.c., so R’ satisfies the 0.h.c.e. 
.c.c. and some catenary chain conjectures 
In this section it is shown that four of the catenary chain conj 
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characterized in terms of the 0.h.c.c. To show this, we first recall the four 
conjectures. 
-Conjecture. I’ R is an H-local domain (that is, height one prime 
ideals in R have depth = altitude R - l), then R is catenary. 
5.2. The Taut-Level Conjecture. If R is ct taut-level semi-local domain, then R 
satisfies the fkc. 
5.3. The Catewry Chain Conjecture. If R is a catenary local domain, then RI 
satisfies the c.c. 
5.4. The NormaP Chain Conjecture. If R is a local domain such that R ’ satisfies the 
f.c.c., then R satisfies the S.C.C. 
(It is known [19, (3.3.2) * (3.3.8) + (3.3.9) and (3.9.1) - (3.95) + 
(3.9.6)] that the Chain Conjecture (that- is, if R is a local domain, then R’ satisfies 
the c.c.) implies both the H-Conjecture and the Taut-Level Conjecture, each of 
these conjectures implies the Catenary Chain Conjecture, and this conjecture, in 
turn, implies the Normal Chain Conjecture.) 
Concerning the Conjectures 5.1.-5.4., the following results are known: the 
WConjecture holds if and only if every k-i-local domain satisfies the o.h.c.c. [19, 
(6.1.1) e (6.1.4)]; the Taut-Level Conjecture holds if and only if every taut 
semi-local domain satisfies the 0.h.c.c. [19, (10.1.1) a (10.1.4)]; the Catenary 
Chain Conjecture hoIds if and only if every catenary local domain satisfies the 
0.h.c.c. [19, (11.1.1) <“4 (11.1.3)]; and, the Normal Chain Conjecture holds if and 
only if every local dorAn R such that R’ is taut and catenary satisfies the 0.h.c.c. 
[ 19, (12.1. I) e (I2.1.2)]. The next remark readily follows from this. 
emark. (5.51) The H-Conjecture is equivalent to: the class of H-local 
domains is the class of local domains that satisfy the 0.h.c.c. 
(55.2) The Taut-Level Conjecture is equivalent o: the class of taut semi-local 
domains is the class of semi-local domains that satisfy the 0.h.c.c. 
(5.53) The Catenary Chain Conjecture is equivalent to: the class of catenary 
local domains is the class of local domains that satisfy the o.h.cc. 
(55.4) The Normal Chain Conjecture is equivalent o: the class of local domains 
R such that R’ is taut and catenary is the class of local domains that satisfy the 
0.h.c.c. 
Concerning Remark 5.5., the following facts should be noted: the class of 
catenary Henselian local domains is the class of He lian local domains that satisfy 
the o.h.c.c., by [IlO, Theorem 2.211; th 
class of Henselian semi-local rings that satisfy the 
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satisfies the o.h.c.c., by [IO, Theorem 2.211; and, every taut semi-local domain of 
the form R[X] s, where R is semi-local- and S = R [X] - Lj {( is a 
maxima? ideal in R}, satisfies the o.h.c.c., by [7, Theorem 4, Remarks (a) and (b), 
and Corollary S] (since taut and taut-level are equivalent conditions on R[Xjs). 
From these facts, it seems to the author that each of the statements in Remark 5% 
should be true, and that the current knowledge of rings that satisfy the o.h.c.c. is 
approaching the point where this can be proved. 
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